In this paper, we introduce a new ring which is a generalization of Von Neumann regular rings and we call it a centrally regular ring. Several properties of this ring are proved and we have extended many properties of regular rings to centrally regular rings. Also we have determined some conditions under which regular and centrally regular rings are equivalent.
Introduction:
Let R be a ring. A nonempty subset S of R is called a multiplicative system in R if . If S is a central multiplicative system in R , then one can easily show that Remarks: (Jabbar, 2007) If R is a ring. and S is a central multiplicative system in R then: 1: For all 
Known Results:
The following are known results, we use them to drive our main results and one can see their proofs in the indicated references. Theorem B: (Goodearl, 1979 ) Let R be a regular ring with identity 1. Then: 1: All one-sided ideals of R are idempotent, and as a consequence to this: all ideals of R are idempotent.
2:
The Jacobson radical of R is zero.
Lemma C: (Jabbar, 2007) 
Theorem F: (Goodearl, 1979) If R is a regular ring, then its center,
is also a regular ring.
Lemma G: If R is a ring and S is a central multiplicative system in R , then
Theorem H: (Goodearl, 1979 ) Let R be a ring with identity and J be an ideal of R . Then R is regular if and only if J and J R are both regular.
Theorem I: (Goodearl, 1979 ) A ring R is regular if and only if all ideals of R are idempotent and P R is regular for all prime ideals P of R .
Lemma J: (Jabbar, 2007) Let R be a ring and S is a central multiplicative system in R . If K is a prime ideal of S R then there exists a prime ideal P of R , which is disjoint from S and such that
Theorem K: (Goodearl, 1979 ) Let R be a ring and let
is a regular ideal}. Then 1: M is a regular ideal of R . 2: M contains all regular ideals of R .
3:
M R has no non zero regular ideals.
Lemma L: (Jabbar, 2007) Let R be a ring and S is a central multiplicative system in R . If I ′ is an ideal of S R , then there exists an ideal I of R such that
Theorem M: (Tuganbaev, 2002 ) Let R be a ring with identity. Then the following conditions are equivalent: 1: R is regular.
2:
Every principal left ideal of R is generated by an idempotent.
3:
Every principal right ideal of R is generated by an idempotent. 4: Every finitely generated left ideal of R is generated by an idempotent. 5: Every finitely generated right ideal of R is generated by an idempotent.
Theorem N: (Tuganbaev, 2002) Let R be a non zero regular ring, then R is indecomposable if and only if ) R ( Z is a field.
The Main Results:
We mention that in all what follows R is a ring with identity unless otherwise stated.
Now it is the time to introduce the following definitions.
Definitions:
We call R a centrally regular ring if S R is a regular ring for each central multiplicative system S in R and also we call an ideal J of R a centrally regular ideal if S J is a regular ideal of S R for each central multiplicative system S in R .
It is easy to prove that every regular ring is a centrally regular ring.
Theorem 1:
If R is a regular ring, then it is centrally regular and also, a regular ideal is centrally regular.
Proof:
The proof is easy ■ . In general, a centrally regular ring may not be regular as we see in the following example.
Example:
Consider the ring , so that S must be one of these sets. By simple computations one can easily see that non of these sets is a multiplicative system in 8 2Z which is a contradiction. Hence 8 2Z is a centrally regular ring which is not regular.
Lemma 2:
If every non zero element of 
Proof:
One can use the same argument as in the proof of Lemma A, and getting the result ■ .
Lemma 3:
If every nonzero element of
contains no proper zero divisors of R .
Proof:
The proof is easy ■ . Now we give a condition under which the properties of regular rings given in Theorem B and Theorem F can be extended to centrally regular rings.
Theorem 4:
Let R be a centrally regular ring in which every non zero element of
4:
) R ( Z is a regular ring.
Proof: 1: By Lemma 3, we have
contains no proper zero divisors of R and by Lemma C, we have
, then since R is a centrally regular ring, so S R is a regular ring. Now let A be any left ideal of R . It is easy to check that S A is a left ideal of the regular ring S R . Hence by Theorem B, we get S A is idempotent, that is,
. Then by Lemma 2 , we get
. So that, A is idempotent and if A is a right ideal, then by the same argument we can show that A is again idempotent ■ .
2:
The proof is as the same argument as in the proof of (1) ■ . 3: From Lemma 3 and Lemma C , we have
and since R is centrally regular, so S R is a regular ring and hence by Theorem B, we get 
, which implies that
. Finally, by using the result of Lemma 2, we get
4:
By Lemma 3 and Lemma C , we have
is a central multiplicative system in R and as R is centrally regular, so that S R is a regular ring. Hence by Theorem F,
. Using Lemma G, we get
and thus, there exists 
. Since S is central, so for all R r ∈ , we have rt tr = . Then 
. Since S is central, so we get
Next we prove the following result which determines the relation between the regularity of ideals in the both rings R and S R .
Lemma 5:
. Hence J is a regular ideal of R ■ . Now, with the aid of the last lemma we can extend the result of Theorem H, to centrally regular rings.
Theorem 6:
If every non zero element of , that is, 
Proof:
By Theorem 7, we get R is indecomposable and by Theorem N, we get that
Next, we generalize the result of Theorem I, to centrally regular rings and as follows:
Theorem 9:
If every non zero element of
centrally regular if and only if every ideal of R is idempotent and P R is a regular ring, for every prime ideal P of R .
Proof:
Let R be centrally regular. From Theorem 4, we get that every ideal of R is idempotent. Now let P be any prime ideal of R , then from 
. That is, every ideal of S R is idempotent. 
Let RxR be a regular ideal of R . Then, RxR is a centrally regular ideal of R .
Conversely, let RxR be a centrally regular ideal of R . To show RxR is a regular ideal R . By Lemma 3 and Lemma C, . Hence RxR is a regular ideal of R ■ .
By using the result of Theorem 10, we can extend the result of Theorem K, to centrally regular rings and as follows:
Theorem 11:
If every non zero element of ) R ( Z is a unit in R and let
is a centrally regular ideal of R }. Then:
1: M is a regular ideal of R . 2: M contains all regular ideals of R .
3:
Proof:
By applying Theorem 10, we can see that
is a centrally regular ideal of
is a regular ideal of R } and now by applying Theorem K, the proof will follow at once ■ . Now we prove the following lemma, which will be used in driving our last result.
Lemma 12:
If S is a central multiplicative system in R with . Hence we get
The proof of the second part is as the same steps of the proof of the first part ■ .
Finally, we generalize the result of Theorem M, to centrally regular rings and as follows:
Theorem 13:
If every non zero element of ) R ( Z is a unit in R . Then the following conditions are equivalent: 1: R is a centrally regular ring. 2: Every principal left ideal of R is generated by an idempotent. 3: Every principal right ideal of R is generated by an idempotent. 4: Every finitely generated left ideal of R is generated by an idempotent. 5: Every finitely generated right ideal of R is generated by an idempotent.
Proof:
) ( 2 1 ↔ : First, let R be a centrally regular ring. By Lemma 3 and Lemma C, we get , that means Rx is generated by the idempotent element ue of R .
Conversely, suppose that every principal left ideal of R is generated by an idempotent. Then, by Theorem M, we have R is a regular ring and then by Theorem 1, we get R is a centrally regular ring.
We can proceed exactly by the same way as in the previous proof just by taking xR as a principal right ideal of R and getting the result. is generated by the idempotent element ue of R . Conversely, suppose that every finitely generated left ideal of R is generated by an idempotent. Then, by Theorem M, we have R is a regular ring and then by Theorem 1, we get R is a centrally regular ring. as a finitely generated right ideal of R and getting the result ■ .
